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The existence of a neutron scattering resonance at a wave vector q� implies a sign change of the gap between
two Fermi-surface regions separated by wave vector q�. For the Fe pnictides, a resonance has been observed
for a wave vector q� which connects a hole Fermi surface around the � point with an electron Fermi surface
around the X or Y points of the 1 Fe/unit cell Brillouin zone. Here we study the neutron scattering resonance
for a five-orbital model within a random-phase approximation—BCS approximation. Our results show that
both an isotropic sign-switched and an anisotropic extended s-wave gap are consistent with the present data for
q� near �� ,0� and that scattering at other momentum transfers can be useful in distinguishing between gap
structures.
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Recent neutron scattering studies1–3 find a resonance in
the superconducting state of the 122 Fe pnictides which ap-
pears below Tc and has a wave vector q���� ,0� in the un-
folded �1 Fe/cell� Brillouin zone. One would like to under-
stand what this resonance implies about the structure of the
superconducting gap ��k�. As is well known, the occurrence
of resonances in the neutron scattering spectrum depends
through the BCS coherence factors on the relative signs of
the gap on different parts on the Fermi surface separated by
q, and thus gives insight into the momentum structure of the
superconducting gap. Nuclear resonance Knight-shift
measurements4–6 support a singlet pairing state and A1g and
B1g gaps have been found in various fluctuation-exchange
calculations,7–10 as well as renormalization-group
studies.11,12 Motivated by the experiments and results from
these calculations, we propose to examine the relationship of
the resonance to its q� space location and the k dependence
of the gap. Previous calculations13,14 have found that a reso-
nance occurs at a wave vector q���� ,0� for a sign
switched15 s� gap. This gap has a sign change between the
inner hole Fermi surfaces that surround the � point and the
electron Fermi surfaces around the X�� ,0� and Y�0,��
points of the unfolded �1 Fe/cell� Brillouin zone. One of
these calculations was for a two-orbital model13 and the
other used a four-band model but neglected the role of
orbital-band matrix elements.14 To adequately describe the
region of the Fermi surface of the Fe pnictides, one needs at
least three orbitals16 and the orbital-band matrix elements are
known to play an essential role in determining the q depen-
dence of the magnetic susceptibility.10 Here we will use a
random-phase approximation—BCS approximation17 to cal-
culate the neutron scattering response for a five-orbital tight-
binding model with on-site Coulomb and exchange interac-
tions. This model has sufficiently many orbitals to describe
the electronic structure in the relevant regions near the Fermi
energy. We will also take account of the orbital-band matrix
elements.

Figure 1 shows the Fermi surfaces for this five-orbital
model with tight-binding parameters fit to reproduce the

local-density approximation �LDA� band structure18 near the
Fermi energy. For a doping x=0.125, there are two hole
Fermi surfaces �1 and �2 around the � point of the unfolded
�1 Fe/cell� Brillouin zone and two electron Fermi surfaces �1
and �2 around the X and Y points. For certain ranges of
interaction parameters, the leading pairing instability in an
RPA fluctuation-exchange approximation occurs for an an-
isotropic A1g extended s-wave gap with nodes on the �
sheets, and for other regions a B1g d-wave gap is favored. In
the following, we will examine the possibility of a resonance
in the inelastic neutron scattering for each of these cases as
well as for an isotropic A1g sign-switched s-wave gap.

The model that we will study consists of a five-orbital
�dxz, dyz, dxy, dx2−y2, and d3z2−r2� tight-binding fit to the DFT
band structure of Cao et al.18 and on-site intraorbital U, in-
terorbital V Coulomb, and exchange J interactions. The
Hamiltonian is discussed in the Appendix and energies will
be measured in units of the largest hopping matrix element
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FIG. 1. Fermi surfaces for the five-orbital model at a doping x
=0.125. There are two hole Fermi surfaces �1 and �2 around the �
point and two electron Fermi surfaces �1 and �2 around the X�� ,0�
and Y�0,�� points, respectively.
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ty
11, i.e., the nearest-neighbor hopping along the y direction

between dxz orbitals. For this multiorbital problem, the dy-
namic spin susceptibility �ij�q ,�� that determines the neu-
tron scattering intensity depends upon an orbital-dependent
spin susceptibility tensor19,20 given by

�tu
rs�q,i�m� = �

0

�

d	ei�m	�T	S−
rs�q,	�S+

tu�− q,0�� . �1�

Here r and s label orbital indices �1, . . . ,5� corresponding to
the �dxz, dyz, dxy, dx2−y2, and d3z2−r2� orbitals. S+

rs�q�
= 1

2�kdr↑
+ �k+q�
��

i ds↓�k� is the spin-flip-up operator acting
between the r and s orbitals and S−

sr�−q�= �S+
rs�q�	†. Carrying

out the usual analytic continuation of Matsubara frequencies
to the real frequency axis, the dynamic spin susceptibility is
given by

��q,�� = �
r,t

�tt
rr�q,i�m → � + i�� . �2�

We will approximate the orbital spin susceptibility by an
RPA-BCS form

�tt
rr�q,�� = �

r,t

�0�q,���1 − Us�0�q,��	−1�tt

rr �3�

with Us an interaction tensor given in the Appendix. This
interaction tensor contains on-site intraorbital and interor-
bital Coulomb interaction U and V along with the intraorbital
exchange J and pair hopping term J�.

Here �0 is the BCS susceptibility tensor

��0�tu
rs�q,�m� = −

1

2 �
kn,���

Mrstu
��� �k,q�

 
G��k + q,�n + �m�G���k,�n�

+ F��− k − q,− �n − �m�F���k,�n�� . �4�

with

G��k,�n� =
i�n + E��k�
�n

2 + E�
2�k�

, F��k,�n� =
��k�

�n
2 + E�

2�k�
�5�

and E��k�=�E�
2�k�+�2�k�. The band energies E��k� are mea-

sured relative to the Fermi energy and the orbital-band ma-
trix elements a�

r�k� enter in determining

Mrstu
��� �k,q� = a�

r�

�k + q�a��
s �k�a��

t� �k�a�
u�k + q� . �6�

Motivated by our previous calculations of the pairing in-
teraction and gap functions for the five-orbital model, we
will examine the neutron scattering response for a typical set
of interaction strengths V=U− 5

4J, J=U /8, and J�=J /2 with
U=4 in units of ty

11 at a doping x=0.125. The static RPA
susceptibility ��q ,�=0� in the normal state is plotted in Fig.
2. Here the �� ,0� peak of the undoped system has moved to
an incommensurate wave vector q�= �� ,0.15��. This peak is
associated with scattering between the �1 and �1 Fermi sur-
faces. The ridge near �� ,�� is associated with scattering be-
tween the � Fermi surfaces. The superconducting gap arising
from the fluctuation-exchange pairing interaction for this
case can be parameterized near the Fermi surfaces in terms

of low-order harmonics. For these interaction parameters, the
leading pairing instability occurs in an A1g channel and the
next leading instability is in a B1g channel. As discussed in
Ref. 10, the pairing strengths for these two gap symmetries
are quite similar.

We will consider both of these possibilities using param-
eterized gaps given by

���k� = ���cos kx � cos ky� . �7�

Here the plus sign corresponds to the A1g �extended s-wave�
gap and the negative sign to the B1g �d-wave� gap. The am-
plitudes �� are adjusted so that the maximum magnitude of
the gap on the �1 and � Fermi surfaces is 0.1 and 0.05 on the
�2 Fermi surface. Based on the results from the fluctuation-
exchange calculation, we have taken ��2

with the opposite
sign to ��1

for the B1g case. We will also calculate the in-
elastic neutron scattering for the case of a sign-switched
s-wave system in which the gaps are isotropic on each Fermi
surface with ��1

=0.1, ��2
=0.05, and ��1

=��2
=−0.1. In

each of these cases, in order to describe the behavior of the
order parameter away from the Fermi surface, we have mul-
tiplied ���k� by a Gaussian cutoff exp
−�E�k� /�E	2� with
�E of order several times the gap.10 The resulting gaps are
illustrated in Fig. 3. The anisotropic A1g s-wave gap structure
in Fig. 3�b� is similar to that obtained in both RPA �Refs. 7
and 10� and functional renormalization-group calculations.12

Depending on the interaction and doping parameters, the
variation in the gap on the � Fermi surfaces may or may not
be sufficient to produce nodes. The d-wave B1g gap illus-
trated in Fig. 3�c� is also similar to the gap structure found in
these calculations. As noted, for the parameter set we have
chosen it is the second leading instability but with other pa-
rameter choices it can become the leading instability.

The inelastic neutron scattering intensity is proportional
to the imaginary part of ��q ,��. In Fig. 4 we show ���q ,��
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FIG. 2. �Color online� The normal-state static RPA spin suscep-
tibility ��q ,0� normalized to the single-particle density of states
N�EF� per spin for a doping x=0.125 with V=U− 5

4J, J=U /8, and
U=4. The peaks are associated with scattering between the �1 and
�1 and �2 Fermi surfaces shown in Fig. 1.
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versus � for the normal state and the three different super-
conducting gaps. These calculations have all been carried out
at a temperature T=0.005 and the normal state has simply
been included for comparison purposes. Figure 4�a� shows
results for a momentum transfer q1= �� ,0.15��, where we
expect from Fig. 1 that a resonance will appear. When the

gap opens in the superconducting state, low-energy spectral
weight is shifted to higher energies and the quasi-particle-
hole damping is suppressed. The resonance appears when the
real part of the denominator of Eq. �3� vanishes provided that
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FIG. 3. �Color online� Plots of the gap ���k� for the �1, �2, and
� Fermi surfaces for �a� the isotropic sign-switched s-wave, �b� the
A1g �extended s-wave� gap ���cos kx+cos ky�, and �c� the B1g

�d-wave� gap ���cos kx−cos ky�. All are plotted with the Gaussian
cutoff. Here red �+� denotes positive and blue �−� negative values of
the gap.
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FIG. 4. �Color online� The RPA-BCS dynamic spin susceptibil-
ity ���q� ,�� versus � for �a� q�= �� ,0.15��, �b� q�= �� ,0.56��,
and �c� q= �0.72� ,0.72�� normalized to N�EF�. Both the isotropic
sign-switched s-wave �s�� and the anisotropic extended s-wave �xs�
gaps exhibit a resonance, and the dx2−y2 gap has a broad response at
�� ,0.15��. Only the B1gd wave and the A1g extended s wave show
a response at �� ,0.56��, and at �0.72� ,0.72�� only the dx2−y2 gap
has a resonance.
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Re ��k���k+q���0 so that the coherence factor

1

2
1 −

��k���k + q��
E�k�E�k + q�� � �8�

goes to 1 rather than zero. Thus, just as in the well-known
cuprate case, the observation of a resonance provides evi-
dence of a change in the relative signs of the gap between
two regions of the Fermi surface.21,22 Here for q1
= �� ,0.15�� shown in Fig. 3�a�, the resonance implies that
this sign change occurs between regions on the �1 and �
Fermi surfaces. For the isotropic sign-switched s� gap
shown in Fig. 3�a� this sign change occurs over the entire
Fermi surface. For the anisotropic extended s-wave gap il-
lustrated in Fig. 3�b�, the q1 wave vector again dominantly
connects regions of the � and � Fermi sheets which have
opposite signs. Because of the gap nodes and gap anisotropy
on the � Fermi-surface sheet, the response is weaker than
that for the isotropic sign-switched s-wave gap.

For q2= �� ,0.56�� shown in Fig. 3�b�, there are important
contributions involving particle-hole scattering between the
�1 and �2 Fermi surfaces. In this case, the isotropic sign-
switched s-wave gap has the same sign on both of the �
Fermi surfaces so that the coherence factor, Eq. �8�, vanishes.
Then as shown in Fig. 4�b�, there is no resonance for the s�

gap and one only sees that spectral weight is shifted from
low frequencies in the normal state to frequencies above
�2� in the superconducting state. However, the resonance is
present for both the anisotropic extended s-wave state and
the B1g �d-wave� state since, as seen in Fig. 3, q2 connects
regions of the �1 and �2 Fermi surfaces where there is a sign
change of the gap and Re ��k���k+q���0. Again these re-
gions are smaller for the extended s wave, Fig. 3�b�, com-
pared to the dx2−y2 gap shown in Fig. 3�c�. One may also
consider a situation where the A1g gap has substantial aniso-
tropy but no nodes on the � sheets. In this case, one would
not expect a resonance for q2= �� ,0.56��.

For the q3= �0.72� ,0.72�� momentum transfer shown in
Fig. 3�b�, only the dx2−y2 gap leads to a resonance response.
In this case, as in the previous case, the scattering involves
transitions between the � sheets. For the dx2−y2-wave gap,
Fig. 3�c�, these sheets have opposite signs, but for the ex-
tended s wave, Fig. 3�b�, these regions have the same sign
and the resonance is suppressed.

These calculations show that both the isotropic sign-
switched s wave and the anisotropic extended s-wave gaps
are consistent with the occurrence of a resonance in the neu-
tron scattering response, which is observed in the supercon-
ducting state of the 122 Fe pnictides near �� ,0� in the un-
folded �1-Fe/zone� Brillouin zone. In our calculations, this
resonance is strongest for the phenomenological isotropic
sign-switched gap. However it also appears as a clear reso-

nance for an anisotropic extended s-wave gap and even as a
weak broad structure for a dx2−y2 gap. At a momentum trans-
fer q2= �� ,0.56��, the transitions involve scattering between
regions of the �1 and �2 Fermi surfaces where the isotropic
sign-switched s-wave gap has the same sign. For the diago-
nal momentum transfer shown in Fig. 4�c�, only the d-wave
gap exhibits a resonance. Thus further neutron measurements
at other momentum transfers can narrow the possible gap
structure. Our results suggest that cuts in q space going from
�� ,0� to �� ,�� and along the diagonal direction in the un-
folded 1-Fe zone are most promising in providing useful
information.
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APPENDIX

The full DFT band structure can be fitted in the vicinity of
the Fermi energy using a tight-binding approximation with
the five Fe Fe d orbitals as basis set. Here we introduce a
coordinate system aligned parallel to the nearest-neighbor
Fe-Fe direction. The Hamiltonian for this five-orbital model
can be written as

H0 = �
k,


�
mn

��mn�k� + �m�mn	dm

† �k�dn
�k� , �A1�

where dm

† �k� creates a particle with momentum k and spin 


in orbital m. The symmetry of the kinetic-energy terms
�mn�k� can be derived from a Slater-Koster based parametri-
zation that respects the symmetry of the FeAs layers. The
exact sizes of the hopping parameters can be used as fitting
parameters to approximately reproduce the band energies at
the high-symmetry points ��, X, M� and also the band struc-
ture along the high-symmetry directions—at least in the vi-
cinity of the Fermi energy. The explicit form of the kinetic-
energy terms �mn as well as the on-site energies �m and the
values of the hopping terms used for the fitting of the band
structure by Cao et al.18 can be found in the Appendix of
Ref. 9.

The interaction tensor Us is given by

�Us�aa
aa = U, �Us�bb

aa = J/2, �Us�ab
ab =

J

4
+ V, �Us�ab

ba = J�,

�A2�

where a�b.
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